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Our simple idea:

Nominal Structural / Polymorphic Variant

NN Va.{ S(a) ) - «a
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(N[S(ua . (N|Z,5()))) = pa . (N|Z,5(a))
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Our simple idea:

Nominal Structural / Polymorphic Variant

N — N Va..a.—>0{

N/

-,ua. (N|Z, S((x))l — ua.(N|Z,S(a))
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Thankfully, we didn't have to do
any of the hard work!







Subtyping

* Refinement types require subtyping: Any function accepting natural numbers
should also accept non-zero natural numbers.
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Subtyping

* Refinement types require subtyping: Any function accepting natural numbers
should also accept non-zero natural numbers.

 The combination of subtyping, parametric polymorphism and complete
inference of principal types is hard.

* We build upon the work on algebraic subtyping (AS) of Dolan (2017), Dolan
and Mycroft (2017), and Parreaux (2020) who showed how to do this.

* Very similar idea to Hindley-Milner (HM) type-inference, but instead of type
equality constraints o ~ 7 we generate type inequality constraints o <: 7.
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Typing rules for constructors

[Fe:N S . ['Fe:o S
[+ S(e): N ~Nomindl Lk S(e) ({1 S(o)y Structura
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Typing rules for pattern matches

F'Fe:N Freyr:1 [,x:Nreg:t N ['Fe: ('S(7)) [x:rthes:p S
CASEN e : CASES ,
['Fcaseeof {Z = ez,5(x) = es}: 7 omina [+ caseeof {'S(x) > es}:p tructura

(N|0) << pa{N|Z S(x))
['Fe:(N|S5(7))
I,x:7kes:p ASES
['+caseeof {S(x) = es}:p Refinement
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Typing rules for pattern matches

F'Fe:N Freyr:1 [,x:Nreg:t N ['Fe:('S(7)) [x:rthes:p S
CASEN e \ CASES ,
I'+caseeof {Z = ez,S5(x) = es}:7 omina [+ caseeof {'S(x) = es} : p ructura

(N|0)Y <7< pa{N|Z S(ax) )
[+e:(N|S(7))
I,x:7kes:p ASES
[' - caseeof {S(x) = es} : p Refinement
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What will you find in the paper?



Parameterized Types

How should we refine parameterized type

|true, "hello tyde" ]



Parameterized Types

How should we refine parameterized type

|true, "hello tyde" ]

| true, "hello tyde"| : [B, String]



Parameterized Types

How should we refine parameterized type

|true, "hello tyde" ]

| true, "hello tyde"| : [B, String]

[ true, "hellotyde"] : |_,_|@ (B Vv String)



Parameterized Types

How should we refine parameterized type

|true, "hello tyde" ]

|[true, "hello tyde"| : [B, 5String]

[ true, "hellotyde"] : |_,_|@ (B Vv String)



Parameterized Types

How should we refine parameterized type

|true, "hello tyde" ]

| true, "hello tyde"| : [B, String]

|[true, "hellotyde"] : |_,_|@([B Vv String)



Parameterized Types

How should we refine parameterized type

|true, "hello tyde" ]

| true, "hello tyde"| : [B, String]
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Technical details

Constraint generation: ' + e : 7~ E

I'(x)=r1 I x: ,B? Pe:T~>E Fresh(,B?)
G-VAR 5 G-Lam
[bx:7~0 [k Axe:f" > 1~ E
['b e o]~ 2 I'ber:og~> B9 Fresh(f’
1 () CoApp

I‘l—»elezzﬁ?'\»{al <:O'2—>ﬂ?}U31UEZ

[be:T~> =2 Va,a’.C(o) : N(a;a’) € Ctors Fresh(ﬁ, W)

I'+C(@) : (N(@a) | C(3) Y@’ f7) ~ { < ﬂoﬂ},[ﬁ/aﬁm} U (U; 81)

G-CtoRr

C(B?) on C(G[8 /e, 67 [a’]) ~> Eg

Ix:f bre:T~>E
[bPe:o~E Fresh(B?,y’,8°,8") Va,a’.C(o) : N(a;a’) C Ctors

I'tcaseeof {C(X) = e} :y’ ~ {0 <:(N(z;a’) | C(o) >@(§; 57, T <: y?,} UEU{U; Ei} U {Ui E@,i}

G-CoMPAT

C(F) on €@~ |[elfy < B < [

G-CASE

(a) Constraint generation rules. Inputs are contexts and terms, outputs are types and constraint sets.
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nical details

Constraint solver step: S - S’

q € ca
CAcHEHIT
ca;q,qs + bs » ca;qs v bs
q ¢ ca g=a’' <o bs(a’) = Ibs <: a’ <: ubs
> 5 UPPERBOUND
ca;q,qs + bs » ca,q; {lb <: d}iperps,qs F bs|a” — lbs <: a” <: {ubs, o}]
q ¢ ca g=oc < a’ o ¢ TYVAR bs(a’) = 1bs <: a’ <: ubs
LowERBOUND

ca;q,qs + bs » ca,q;{o <

t ub}upeubs, gs F bs[a’ > {o,lbs} <: a’ <: ubs]

B Sub(( N(@ @) | C(7).¢ )_<: (N(B: F)
[be:T~ 2 Va,a’.C(0o) : N(a;a’) € Ctors Fresh(B°, B’?)

q ¢ ca q =01 <: 0y o1 € TYVAR oy ¢ TYVAR Sub(q) = gs’ SuRO
ca;q,qs - bs » ca,q;qs" #qs + bs UBE
q & ca q =01 <: 0y o1 € TYVAR oy ¢ TYVAR Sub(q) = Fail SuRF
ca; q,qs + bs —» Fail UBEAIL
(b) The biunification algorithm.
Constraint generation: I Deeempeosing non-atomic constraints: Sub(—) : ¢ — g/Fail
. C . L -
Sub(r <+F)—=—+0 Sub{d—<:0) = 0
2 Sub(n U <:o <i0,13<:0} Sub(r<:oiMoy) = {r<io0,7< 05}
r = Ix:p be:Tro =
- (x) =17 0 G-VAR P <) — Gaf_/,ég(,{a/a]} Sub(pa.t <:0) = {T[,ua.r/oc] <: 0}
bx:T A~ [k Axe:f" > 1~ E Sub(a <:a) = 0
_ _ Sub(o; > 11 <t0y > 1) = {0y <top, 11 < T2}
ke :01~E [bey:og~> = Fresh(f3’ __ , = — ,
-1 1 - 272 - 2 — — ééij@;(_@iﬂ) <: T_@_(G’;p’)) = {T <10 <:0,p < p}
[heper:f o {or <top—= fHUSIEN @) |0) <: (NB:B) | y)) = 0

€@y = |n<al@pl}usb(N@D) | e) < (NGF) 1Y)

(pHem@mposing subtyping constraints.

I'+C(@) : (N(@a) | C(3) Y@’ f7) ~ { < ﬂoﬂ;,[ﬁ/aﬁ/?]} U (U; 81)

Ix:flbeit~>E

——

[bPe:o~E Fresh(ﬁ, y?,y, y) Va,a’.C(o) : N(a;a’) C Ctors

C(B?) on C(G[8 /e, 67 [a’]) ~> Eg

G-CASE

G-CoMPAT

C(F) on €@~ |[elfy < B < [
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(a) Constraint generation rules. Inputs are contexts and terms, outputs are types and constraint sets.
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q € ca
CAcHEHIT

ca;q,qs + bs » ca;qs v bs

q ¢ ca g=a’' <o bs(a’) = Ibs <: a’ <: ubs

> 5 UPPERBOUND
ca;q,qs + bs » ca,q; {lb <: d}iperps,qs F bs|a” — lbs <: a” <: {ubs, o}]

o@( ;) @(e;) qéca g=oc < a’ o ¢ TYVAR bs(a’) = Ibs <: a’ <: ubs
B > 5 LowERBOUND
ca;q,qs + bs » ca,q;{o <: ub}upeups,qs + bs[a’ — {o,lbs} <: a” <: ubs]
< Llst(a ) | Cons(> q =01 <: 0y o1 € TYVAR , oy € TYVAR Sub(q) = SUBOK
ca;q,qs - bs » ca,q;qs" #qs + bs

q & ca q =01 <: 0y o1 € TYVAR oy ¢ TYVAR Sub(q) = Fail

F
ca; q,qs + bs —» Fail SUBFAIL
(b) The biunification algorithm.
Deeempeosing non-atomic constraints: Sub(—) : ¢ — g/Fail
Constraint generation: I' Fe+7-o-=
Sllb(T < 1} =0 uub(_L O') = 0
r <:0,7p <:0} Sub(r<:o1Moy) = {r<io01,7< 03}
I'(x)=1 : — :
S Gaf_/,gg(,{a/a]} Sub(pa.t <:0) = {T[ﬂO(.T/OC] <: 0}

[bx:T~>0 FHAxe'ﬁ'—)T“’)E Sub(a <: a) 0

Figure 15. Type, auoto,@aion for ’gype gf one-elemgnt, Bogltist— o <tz > n) = o <opn <in)
)ﬂ) < r@(d’;p’)) = {7,' <ito<:io,p < p}
SANGBY 1) = 0 i B
B Sub(( N(@& ) | C(7), ¢ ) <: ng 1C@.9) = {u< al@/Bllustb(N@D) |p) < (NGB |9)
[be:T~> =2 Va,a’.C(0o) : N(a;a’) € Ctors Fresh(B°, B’?)

' C(e) : (N(@a') | C(@) )@ ﬂ’?)“»{f< [o15 15 /2 ﬁ’?/“]}U(UiEi)
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echnical details

q € ca

Constraint solver step: S - S’

CAcHEHIT
ca;q,qs + bs » ca;qs v bs
q ¢ ca g=a’' <o bs(a’) = Ibs <: a’ <: ubs U B
PPERBOUND
Subtyping rules ST o < ca;q,qs + bs » ca,q; {lb <: d}1peips, qs F bs[a’ s Ibs <: a’ <: {ubs, c}]
u Iing rules: o<:T
P t@L( ;) _@(e;) qé¢ca g=o<:a’ o ¢ TYVAR bs(a’) = Ibs <: a’ <: ubs . B
OWERBOUND
SR He> S.H >, > H/ﬂ( ca;q,qs + bs » ca,q;{oc <: ub} peups,qs F bs[a’ +— {o,Ibs} <: &’ <: ubs]
————— S-REFL  ——— S-Hyp S-AssuMm
FT<!T > H _ . _
O ( "Mist(ar;) | ConD ( Bool | Trd&¥% ) 4=01<: 0 01b¢ TYVAR o0 ¢ TZVAR Sub(q) =gs” o .
- ca;q,qs + bs - ca,q;qs’ #qgs + bs
ST H S-WEAKEN ——— . S-ToP~—==——— 5-Bor 99 q:9s tq
Cons (e, _2/ \Sons(_, o) q¢ca q=o01 <: 0y o1 € TYVAR oy ¢ TYVAR Sub(q) = Fail SURFAIL
>rr<:t >rol <tV \ ca; q,qs + bs - Fail
. 144
rrT <t (b) The biunification algorithm.
Qro <o Srr<1
SFo—>sT1<:0 — 1 Deeompesing non-atomic constraints: Sub(—-) : ¢ — g/Fail

Constraint generation: I' Fe+7-o-=
Sllb(T <: 1} =4 uub(_L O') =

rhr<it 2ho<io 2Fp<p<§4lﬁ&(1ﬁ)|N11> r <:0,72 <:0} Sub(r<io;Moy) =
> r r@(a p) <: F’@ T s cotugo/a]}  Sub(uar <io) =

FI—» 1] ' NG

S M < ﬂroljglﬁ'Mllﬁf Type, auoto,@aion for Wpe gf one: elem%i;, oMlist — 1 <t 0y = ) = {0z <topm <7}
é LlSt(O( ) | app < T@(05p7)) = {7,' <ito<:io,p < p}
vidj: 3 g ot G0 (NG 1Y) = 0

0
{r <t 01,7 <: 03}
{T[ﬂO(.T/OC] <: 0}

>k Uit <: Ujo; Sub((N(@ @) | C(D),0) < (N(B)|C@).¥) = {r < aila@/Bl} USb( N@ ) | 9) <: (N(BF) | 9)

Sy 7~ E Va,a’.C(o) : N(a;a’) € Ctors Fresh(B°, B’?)

(pHem@mposing subtyping constraints.

2k tlpp.t/p]l <TEpT
L= C N@@) | CEN@FF) ~ o < 1 15/ F7 /@1 | U (Us =
2+ ppr <itlpp.t/p]

where

S== I e L= Hr ~ = C(f)) oN C(T[6/a,6" [a']) ~> Eo

«(rl<e-@): 5 "X Eo Fresh(ﬁ, y?,y, F) Va,a’.C(o) : N(a;a’) C Ctors

[ 1 case e of {C(X) = e} : 7 ~» {0 < (N@a)|C@) @87, 7 < y?,} UEU{U;Ei} U {U; Bou}
Figure 7. Declarative subtyping rules

G-CASE

G-CoMPAT

C(F) on €@~ |[elfy < B < [

(a) Constraint generation rules. Inputs are contexts and terms, outputs are types and constraint sets.
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Takeaways

 Easy to implement if you already use algebraic subtyping.
* EXxpressive enough for many interesting use cases.

* Does not require anything but familiar type inference machinery.
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Future work

* Develop formal metatheory.

* |nvestigate expressivity.
e Larger case studies.

» Usability engineering.
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That was my presentation.



What do you want to know?



