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A bird's-eye view

Some context in lieu of motivation

 Compilation of functional programming languages and proof assistants based
on type theory.

« Efficient implementation of logic on a computer.

 Use of abstract machines as an intermediary between substitution based
evaluation (e.g beta-reduction) and low-level machines (e.g. x86-Assembly).



A Tale of Two Calculi

Natural Deduction and Sequent Calculus

* Natural deduction (ND) and Sequent Calculus (SC) developed in the same paper
by G. Gentzen (1935).

* Curry and Howard discover the relation between combinatory logic and Hilbert
calculus, lambda calculus and ND, but no similar system for classical SC is found.

o Griffin (1989) discovers that the type of control operator call/cc is Peirce's law.

» Development of Au-calculus by Parigot (1992), and Auji-calculus by Curien and
Herbelin (2000).

» Since then: Lot of work on Auji-calculus; Ariola, Downen, Munch-Maccagnoni,
Zeilberger, Wadler...
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Relating ND and SC

Two sides of the same coin

 Two communities: Logicians/proof theorists and PLT people.
 Focusing was introduced by Andreoli (1992) for proof search in linear logic.

 The A-normal form was introduced by Sabry and Felleisen (1992) as an
optimization of CPS based compilers.

e We show how to relate the two.






Example (ND)

7'('2(7'('1(1,4),3)



Example (ND)

7'('2(71'1(1,4), 3)

Tupling!



Example (ND)

7'('2(7'('1(1,4),3)

Projections!



Example (ND)

7'('2(7'('1(1,4),3)

Numbers!



Example (ND)

7T2(7T1(1,4), 3)

Should evaluate in one step to n,(1,3) (CBV!)



Example (ND)

Redex

Evaluation context TTo (7‘(‘1 (17 4) : 3)

Very inefficient! We want to get rid of search for next redex.



Example (ND)

7'('2(7'('1(1,4),3)

Compile to A-normal form:

let £ = m(1,4) in (let y = w5 (2, 3) in y)



Enter the sequent calculus



Example (SC)

The same example in sequent calculus

ND:
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Example (SC)

The same example in sequent calculus

ND:

SC:

7T2(7T1(1,4),3)

pee.((pB.((1, 4)

Uyl 6>73>

TS a}.



Example (SC)

The focused normal form

poe(pfB.((1,4) | w1 §) | p.((2,3) | m2 a)).

let = m1(1,4) in (let y = mo (2, 3) in y)



Overview

translation
A 7 A,Lbﬁ
ANF-transformation (1) focusing
~N- h
Q translation Q~
A > A

ANF-transformation (2) u-reduction

hd hd

AANF translation > AA,NF
LU
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The Lambda Calculus



Lambda Calculus

Overview
translation
A s A,u’a
ANF-transformation (1) focusing
~N- h
Q translation Q~
A > A

ANF-transformation (2) u-reduction

h h

AANF translation > AA,NF
3%
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Types

Lambda Calculus

T — T

T N\ T.



Lambda Calculus

Terms

Terms: ex=x | r.e|ee|(e,e)|m e|mel|letr=cine.

Values: v = Azx.e| (v,v) | x.
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Terms
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Lambda Calculus

Terms

Terms: ex=x|Ar.e|ee|(e,e)|m e|m e|letr=cine.

Values: v = Azx.e| (v,v) | x.
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Lambda Calculus

Terms

Terms: ex=x|Ar.e|ee|(e,e)|m e|mel|letxz=ceine.

Values: v = Azx.e| (v,v) | x.
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Typing rules

Lambda Calculus

VAR

I''e:7hFx:7

'z : 0o

€. T

ABS

I'FXre:o0—=T

F|_6120'

I'Fey: T

PAIR

F|‘(61,62)20’/\7’
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I'Feyj:0 L,x:oFey:T

F|_let33:61iﬂ6227'

I'Fei:0—7 I1I'Fey:o

I'Fejges: T

I'Fe:m A1

I'Emoe: T

PROJ

LET

APP



The Sequent Calculus



Sequent Calculus

Overview
translation
A s A,u,il
ANF-transformation (1) focusing
~N- h
Q translation Q~
A > A

ANF-transformation (2) u-reduction

h h

AANF translation > AA,NF
3%
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Sequent Calculus

Terms

Terms: t ==x | Ax.t | (t,t) | pa.c.
Coterms: su=a |t-s|m s|mas | nx.c.
Commands: ¢ = (t | s).

Values: w = Azx.t| (w,w) | x.



Judgement forms

1. I'F [¢], A
“If all v € I' are true and all 0 € A are false, then ¢ is true.”

2. ', [p]| F A
“If all v € I" are true and all 0 € A are false, then ¢ is false.”

3. 'FA

“The assumption that all v € I' are true and all 0 € A are false is contra-
dictory.”
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Judgement forms

1. I'F [¢], A
“If all v € I' are true and all 0 € A are false, then ¢ is true.”

2. ', [p]| F A
“If all v € I" are true and all 0 € A are false, then ¢ is false.”

3. ' E A

“The assumption that all v € I' are true and all 0 € A are false is contra-
dictory.”
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Sequent Calculus

Terms
Terms: ex=x | Ax.e|lee]|(e,e)|m e|me|letr=cine.
Values: v = Ax.e | (v,v) | x.

Terms: t :==x | Ax.t | (t,1) | pa.c.
Coterms: si=a |t-s|m s|mas | nx.c.
Commands: ¢ == (t | s).

Values: w = Azx.t| (w,w) | x.
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Sequent Calculus
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Sequent Calculus

Terms
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Sequent Calculus

Terms
Terms: ex=x | Ax.e|lee]|(e,e)|m e|me|letx=ceine.
Values: v = Ax.e | (v,v) | x.

Terms: t :==x | Ax.t | (t,1) | pa.c.
Coterms: s =« |t-s|m S| o s | jhx.c.
Commands: ¢ == (t | s).

Values: w = Azx.t| (w,w) | x.
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Sequent Calculus
Typing rules

Term typing

Coterm typing

VAR, VAR,
Dx:7hkax:7|A 'a:7FHa:7,A
Dex:obFt:7]| A A 'Ht:7] A F\S:JI—AA
'EXet:o—7| A B> C|t-s:7—0okF A or
I'Fty:m | A FI—tQ:TQ\AP ['|s:m FA b
F|‘(t1,t2)27’1/\7'2‘A AR F|7T1827'1/\7'2|_A RO
c:('Fa:7,A) c: (e :7HA)
Mu . MU~
I'Fpac: 7| A I'| gx.ctH A
Command typing
'ct:7|A T'|s:7FA
CuT

(t|s):(I'A)
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Translating from ND to SC



Sequent Calculus

Overview
translation
A s A,u’a
ANF-transformation (1) focusing
~N- h
Q translation Q~
A > A

ANF-transformation (2) u-reduction

h h

AANF translation > AA,NF
3%
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Translation

2] == x
[\z.e] = Az.[€]
[(e1,e2)] := ([e]], [e2])
le1 e2] == pa(er] | [e2] - o)
[mi e = po.(le] | m o)
llet © = eq ines| := pa.(|e1] | px.(Je2] | @)).




The Q Normal Form for ND



Sequent Calculus

Overview
translation
A s A,u’a
ANF-transformation (1) focusing
~N h
Q translation Q~
A > A

ANF-transformation (2) u-reduction

h h

AANF translation > AA,NF
3%
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The Q-normal form for ND

Before
Terms: ex=x | Ax.e|ee|(e,e)|m e|me|letxr=cine.
Values: v = Ax.e | (v,v) | x.

After

Values: v = A\x.e | (v,v) | x.

Terms: ex=wv|letx =cine|ev|m e]|m e
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The Q-normal form for ND

Before
Terms: ex=x | Ax.e|ee|(e,e)|m e|me|letxr=cine.
Values: v = Ax.e | (v,v) | x.

After

Values: v = A\x.e | (v,v) | x.

Terms: eux=wv|letx=eine|ev|m e| m e
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The Q-normal form for ND

Before
Terms: ex=x | Ax.e|ee|(e,e)|m e|me|letxr=cine.
Values: v = Ax.e | (v,v) | x.

After

Values: v = Ax.e |(v,v) | x.

Terms: ex=w|letx =cine|ev|m e]| m e
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Translate into Q-normal form

A(x) = (A1)

A(Mz.e) : = Azx.A(e) (As2)
Allet x = e1ines) := let z = A(er) in A(es) (As)
A(m; e) == m;(Ale)) (Aa)
A((v1,v2)) = (A(v1), Avz)) (As)
A((v1,e2)) :==1let z = A(es) in (A(v1), ) (Ag)
A((e1,v9)) :=let x = A(ey) in (z, v2) (A7)
A((er,e2)) :=let z = Aey) in (let y = A(es) in (z,y)) (Asg)
A(er va) = Afer) A(vg) (A9)
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The Q Normal Form for SC



Sequent Calculus

Overview
translation
A s A,u’a
ANF-transformation (1) focusing
~N- h
Q translation Q~
A > A

ANF-transformation (2) u-reduction

h h

AANF translation > AA,NF
3%
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The Q-normal form for SC

Terms: t i==x | Ax.t | (¢, 1) | pa.c.

Coterms: si=a |t-s|m s | m s | nx.c.
Before

Commands: ¢ == (t | s).

Values: w == Azx.t | (w,w) | x.

Terms: t == w | pa.c.
Coterms: si=«a |w-s|m s | m s | nx.c.
After

Commands: ¢ == (t | s).

Values: w = Azt | (w,w) | x.
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The Q-normal form for SC

Terms: t i==x | Ax.t | (¢, 1) | pa.c.
Coterms: s=a |t-s|m s | m s | nx.c.
Before

Commands: ¢ = (t | s).

Values: w == Azx.t | (w,w) | x.

Terms: t == w | pa.c.
Coterms: s=«a |w-s|m s | m s | nx.c.
After

Commands: ¢ == (t | s).

Values: w = Azt | (w,w) | x.
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The Q-normal form for SC

Terms: t == x | Ax.t |[(L, 1) | pa.c.

Coterms: si=a |t-s|m s | m s | nx.c.
Before

Commands: ¢ == (t | s).

Values: w == Azx.t | (w,w) | x.

Terms: t m=w | pa.c.
Coterms: si=«a |w-s|m s | m s | nx.c.
After

Commands: ¢ == (t | s).

Values: w = Ax.t | (w,w) | x.
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Translate into Q-normal form

Terms
F(x) =z (F1)
F(pa.c) = pa.F(c) (F2)
F(Ax.e) := \x.F(e) (F3)
F((wr, wg)) = (Fwr), Fws)) (Fa)
F((wr,82)) = po(F(t2) | fz.((F(w1),z) | o)) (F5)
F((t1, we)) = po(F (1) | p{(x, F(w2)) | ) (F6)
F((t1,t2)) = po({F () | po(pb(F(t2) | py-(2,y) | B) | o)) (F7)
Coterms
Fla) == a (Fs)
F(pz.c) = pz.F(c) (F9)
.F(ﬂ'i S) = T0; Jr(S) (.Flo)
F(w S) ~ F w) F(S) Fll)
F(t-s):=pz(F@)|py(z|y-F(s))) Fi2)
Commands
F((E]s) = (F() | F(s)) Fis)
F((t1 [ t2-8) = (F(t2) | pz.(pa(F(t1) | z- @) | F(s))) (F14)



Summary

translation
A 7 A,Lbﬁ
ANF-transformation (1) focusing
~N- h
Q translation Q~
A > A

ANF-transformation (2) u-reduction

hd hd

AANF translation > AA,NF
LU

57



Future Work

 Extend to call-by-name (easy) and call-by-need/co-need (hard).

* Add control operators to the lambda-calculus to be able to translate in both
directions.

* Fully mechanized verification (underway).
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Thank you for your attention!



